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Abstract. In this paper, we have studied the extension of the single Sumudu
transform to deal with the functions in three variables. Furthermore, we have studied the
main properties of triple Sumudu transform. In addition, we have applied triple Laplace
transform with its main characteristics for solving several examples. Finally, we have
examined the solutions for general second-order PDEs which containing three variables
by using triple Laplace and Sumudu transforms.
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Introduction

Partial differential equation (PDES) plays a very important role in mathematics and
the other fields of sciences because these linear or nonlinear PDEs describe the physical
phenomena. Thus, it is important to know how to solve these PDEs. A number of
numerical or analytical methods of solutions can be used to find the solutions of DEs. The
numerical methods have provided the approximated solution of differential equations
(DE) rather than the analytical solutions of the problems of the study. In most times it may
be difficult to solve these DEs analytically and thus are commonly solved by integral
transforms such as Laplace and Fourier transforms and the advantage of these two
methods lies in their ability to transform DEs into algebraic equations, which allow a
simple way to find the solutions. In Eltayeb and Kiligman (2013), Eltayeb et al. (2012: 47);
Kilicman and Eltayeb (2008: 1124), Kilicman and Gadain (2010) extended the concept of
Laplace transform to double Laplace transform and this new operator has been widely
used to solve some kinds of DEs. Then, the concept of triple Laplace transform was used
to solve third-order PDEs. In addition, the properties and the applications to DEs have
been determined and studied (Atangana, 2013; Khan et al., 2019; Shiromani, 2013: 848).
As we see, the integral transform method is an effective way to solve some certain DEs.
Thus, in the literature there are a lot of works on the theory and applications of Laplace,
Fourier, Mellin and other integral transforms (Debnath and Bhatta, 2006). A little on the
power series transformation such as Sumudu transform, maybe because it is little known
and not widely used yet. Sumudu transform was proposed by Watugala (1993: 35) for
solving DEs and control engineering problems. Among the other integral transforms,
Sumudu transform has units preserving properties and thus may be used to solve
problems without resorting them to the frequency domain and this is one of many strength
points of this new transform. However, Belgacem et al. (2003: 103) extended the theory
and the applications of Sumudu transform and applied it for fractional integrals,
derivatives, and used it to solve initial value fractional differential equations (FrDEs) and
(Asiru, 2002: 441) further developed this new transform and most of its fundamental
properties and applied it for special functions and used it to solve fractional integrals,
derivatives, and initial value FrDEs. Since then, many researchers have studied Sumudu
transform and its properties. Series of papers have been published started with Belgacem
and Karaballi (2006), where he extended the theory and the applications of the Sumudu
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transform and use it to solve the FrDEs by direct integration methods, study and prove
most of Sumudu transform properties study the Laplace-Sumudu transforms duality and
the complex inversion formula and avails the readers with the most comprehensive list of
function transforms in the literature, up to date Kiligman and Gadain (2010: 10) studied
the extension of double Sumudu transform to triple Sumudu transform briefly and study
some of its properties and its relation with triple Laplace transform. Haydar (2009: 33)
studied the extension of single Sumudu transform to n-dimensions Sumudu transform
and studied its main properties and gives a table of n-dimensions Sumudu transform for
the most familiar functions. In this paper, we have studied the extension of the concept
of Sumudu transform into triple Sumudu transform along with its main properties, studied
triple Laplace transform with its main characteristics and explained them by several
examples.

Preliminary

Here, we give the definition for triple Sumudu transform with the properties of triple
Sumudu and Laplace transforms.

The Triple Sumudu Transform

In this subsection, we give the definition for triple Sumudu transform with the
properties of triple Sumudu and Laplace transforms.

Definition. The triple Sumudu transform can be defined by:

u1c£ / / emlitits D f(x, 3. 1)dxdydt

F(u,v,c) = S3[f(x,y,1): (u,v,c)]

or by,
F(u,v,¢) = Sa[f(x,3.); (u,v,¢)] = / / [ e~ Fux, vy, of)dxdydt
JOoJO JO

Properties of the Triple Sumudu Transform
1. The triple Sumudu transform of the third partial derivative with respect to x
has the following form:

5 F(ry.t) A3 f(x,y,1)
. [T L (o) = m,c/(; /(; A Tprgs )Td_xd‘,dt
_ L meeen(d /me—lmd )y )
ve Jo u.Jo 8 3 ’

The integral inside the brackets can be computed individually as follows:

Laf(0.p1)  1940.y.1)
s

1= _. 9% f(x.yt) 1 1
- Ti————dx = —<F(u,y,t) — = f(0,y,1) — -
u,£ e X (,y,1) u3j( S ox u o2

dx3 w3

2. By taking Sumudu transform with respect to y, we get the double Sumudu
transform as follows:

2
2L g = —F(x v,1) — —j(x 0.1) — %af(;yo r) la (g;g,r)

L e an(x y.0)

3. By taking Sumudu transform with respect to t ,we get the double Sumudu
transform as follows:
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L= 1 flyt) 1 1 1 9f(x,y,0) 19%*x,y0)
2y R = o) = S 0) - TSR - 550
4. The triple Laplace transform was defined by the following form:

Af(x,3,1); (p,s, k)] = F(p,s,k) = fo /O /0 e~ (Px+sy+k) £(x vy Ndxdydt

5. The triple Laplace transform for the third-order partial derivative with respect
to x can be given by:

a3 T FF (O, v, 1 FZF (o, v, 1
A [ ZLEED L (s 1] = P (pas K — pPE (O ) — p2EQn D) Doy T)

6. By the same way, the triple Laplace transform for the third-order partial
derivative with respect to y can be given by

33 f(x,y.t AF (x,0,1 A?F (x,0,1
AL (5 )] = S F (s k) — P (,0,0) — s 2SR 2 D)
7. By the same way, the triple Laplace transform for the third-order partial

derivative with respect to t can be given by

a3 f(x,v,t AF(x,y,0 92F (x,y,0
%[%;(passk)] =k3F(p,_g,k)—k2F(x,y,O)—k (8t ) - (gfz )
Results

In this section, we have applied the triple Sumudu and Laplace transforms for
solving general linear third- and fourth-orders PDEs.

General Linear Third-Order PDEs

In this section, the following general third-order PDE has been considered.

alux(x:ya'[) +a2“}'(x1yat) + a;,u,(x,y,t) +G4MM(JC,y,!) + aS“yy(xsyat) + a6ur!(x:y:£) + a7“xr(x:)’:f) +
agu),,(x,y,t) +a9uxxy(x1yat) +amum(x,y,r) + ﬂuuyyr(x,y,t) +a12uy}'x(xayat) —|-a13u,,.x(x,y,t) +
ﬂl4uny(xa)’az) + alS”xxx(x:yut) +016”y)‘)'(x1y11) +a17um (xuyat) + alS”(x:y:t) = f(xayu t) (2)
with IC:  u(0,y,1) =™,y >0.
where a;.as.......,a;g are constants

and W=a=m=ay=ay=ap=a3=ay=0

Triple Laplace Transform

In this subsection, Laplace transform for solving Equation (2) has been used with
assumptions. a7 =a8 =a9 =al0 =all =al2 =al3 =al4 =0 and f(x;y;t) = 0 as follows
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a\[pF (p,s,k) — F(0,y,t)|+az2[sF(p,s,k) — F(x,0,t)| +a3[kF (p,s,k)
PO+ alpF(pos k) pF(0.3.1) ~ 202,
+ as[s*F(p,s,k) —sF(x,0,1) — M(;_;O,x)] + ag[k*F (p, s,k)
— kF(x,,0)— WI +ais[p’F (p,s,k) = p°F (0,y,1)
- paF(g;cy’t) - aZF;g;x’t)] +aig[SF(p,s,k) — s2F (x,0,1)
- 2 (;;)O”) —aZF‘;;;O’I)]+a17[k3F(p,s,k)—kzF(x,y,O)
_ 3F(;;y,0) B 92F{(;,2y=0)]+a18u:0 3)
Now, by taking triple Laplace transform of expanded ICs as follows
Loy = FO) = e )
"%[au(gf,t)] N aF(g;y’t) T s+ 1)1(k+ 1)’ )
ARG = D — ey ®
Llux0.0] = F0.0) = ——po—T- )
D%[(}‘u(;,yo,r)] _ 8F(;;O,r) _ — 1—)(1k+ = )
9%[325;;;,20,:)] _ 92F§,20,:) = = 1)1(k+1)’ ©)
Lu(x,y,0)] = F(x,y0)= (p—l)l(s+1)’ (10)
AP0, 0
and,

Substitute equations (2.3) -(2.11) in Equation (3) to obtain the following
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F(p,s,k) ( aip+as+ a3k—|—a4p2 +ass” +agh” + a15p3 +aes”
-+ ankz-l-als)
ai +asp+as+aisp> +aisp+ais

(s+1)(k+1)

n a» +ass — as +a16s2 —a1esS +die
(p—1)(k+1)

N as + agk — ag + ay7k* — ay7k +ay
(P=1G+1)

In particular, ifal =a2 =a3 =a4 =a5=a6 =al5=al6l =al7-al8 = 1; we obtain

Sx,y,1)
F(p,s,k)(f(x,y,r)) - (p—l)(s+1)(k—|—l)’

Where
fyt)=p*+p*+p+s+s*+s+ B+ +k—1,
Then,

1

Flp.sk) = (p—D(+Dk+1)

(13)

Using inverse of Laplace transform for Equation (13), we obtain the following

SOIUtIOn u(xay,t) — ex_J’—I.

Example 1. Consider the following third-order PDE
um(xayat) =2uxx(x,y,r)-I—ux(x,y,t)—uy(x,y,t)—3u(x,y,t), X, vt > 0. (14)
with Ic; #(0-»7) =™ vt > 0.

BC: w(x,0,r) — & 7, x.r = 0.
Using Laplace transform for Equation (14)

IF 0,y,1 d’F 0,x,t
pSF(p’S’k) - sz(Osyat) -pP (axy ) a a(xz )
IF 0,y,1
= z[sz(p’s’k)_pF(O’y’r)_%]'FPF(}?,S,)'{)

- pF(O,y,t)—SF(p,s,k)—|—F(x,0,t)—3F(p,s,k).

Where
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ZL3(u(0,y,1)] = F(0,y,1) = (s+1ik+1f
du(0,y,1) IF (0,y,1) 1
Dl—g57— 1= ox  GrL(k+1)’
22u(0,y,1) 9>F (0,y,1) 1
AGlEHe 1 = T T GEnery
Alu(x,0,1)] = F(x0,1) = = 1)1(k+1),

Then,

pPP—2p—p+s+3
(p=1)(s+1)(k+1)’
1

Flpsk) = o her Do (15)

F(p,s,k)(p3 _ZP_P+S+3) =

Taking inverse of Laplace transform for Equation (15) to obtain the following

solution:
Triple Sumudu Transform
In this subsection, the triple Sumudu transform for solving PDEs with three variables

Equation has been used (2) with assumption . a7 = a8 = a9 =al0 =all =al2 =al3 =
ald =0 and f (x;y;t) = 0 as follows:

G(u,v,c) — G(0,y,1) | +a2[G(u,v, c)—G(x,0,1) ]

u v

(25} [

G(u,v,¢) = G(x,,0) Glu,v,c) —G(0,y,1) 20
=+ a3[ S ] =+ a4[ P P }
9G(x,0.4)
i [G(u, v,c) — G(x,0,1) T 1+ [G(M,V, ¢) —G(x,y,0)
as 2 v de o2
2 .
ang;y,Oz Glu,v,c) — G(0,y,1) aG(aD);y,r) 3 (g(fi),r)
- J+ais] w T u ]
dG(x,0, 2G(x,0,
G(u,v,c)— G(x,0,1) GE;,- 2 ,3(;2 2)
+ il V3 T v ]
JG(x.y,0) 32G(x.1.0)
G(u,v,c) — G(x,y,0
+ ai| ( )C3 ( ) _ gé - 322 - (16)

Taking triple Sumudu transform of ICs
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1

S WOy = GON) = FTTHaTS an
52202y _ BG(g;y,r):(Hv)l(HC), (18)
Ss[%] _ 326{535)”!)2(1+v)1(1+6)’ (19)

S3lu(x,0.2)] = G(x,O,r):m= 20
s G0 = 2EER oy ev
53[92”52’20”)1 = 3263(;’20’:) a —u)l(l +e) o
S3[u(x,y,0)] = G(xa%‘i’):m’ @
R e At e e

and,
Sa[azwg'zy'o)] = azog:;y, 2 (1 —u1](1 ) R

Substitute equations (2.22) -(2.30) into Equation (16) to obtain the following

a) Wi e? + a2u3v2c‘3 =+ a3u3v3c2 =+ a4uv3 P =+ a5u3

4+ aisv +ae’ S +apicy? +a17u3v3c3)

a|u2v3c3 +a4uv3c3 +a4u2v3c3 +a15v3c3 +a15uv3c3 +a15u2v3(;3
(I+v)(1+¢)

a2u3v2(:3 +as wved — a5u3v2(:3 + a15u3c3 — a16u3
(I—u)(1+c)

agu3v362 + a6u3v3c — asu3v362 =+ a17u3v3 — a17u3v35‘+ a17u3v3c*2
(1—u)(14+v) :

3.3

G(u,v,c) ved +agutvic

ved + a16u3v263

In particular, if
a) =daz = a3z —d4q —ds —dg — d)|j5 — djg — ad]7 —d|g = la

Where

f(u?v‘)c)
(1—w)(1+v)(1+c)’

G(u,v,c)(f(u,v.c) =

flu,v,c) =V E 4V E + vV +w’E v VeV E 4’ v bV
1

Glu,v,c) P-De+Dk+1)

(26)

Using inverse of Sumudu transform for Equation (26) to obtain the following solution:

u(x,y,t) = e 7!
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Example 2. Consider the following third-order PDE

Upee (0, 0,1) = 2w (6, 3,1) + (X, y,1) — (X, ,7)
— 3u(x,y,t), x,y,t>0. (27)
With IC «(0,y,z) =e™™>"", y,z > 0.
BC: u(x,0,1) =e* ', x,r>0.

Taking Sumudu transform for Equation (27), to obtain the following solution:

Gluve) —G(O.yr)  2EQa0  ZGo)
w3 12 u ’
. 2[G(M,v, c) —G(0,y,1) _ a%(iil] " G(u,v,c) — G(0,y,1)
B 1u? u u ’
G(M,V,C) _G(xsoat) —3G(M v C).
v
Where,
G(0,y,1) S3[u(0,y,1)],
aG(O,y,I) — s [a“(osyot)]
dx 3 dx ’
2GO.»0)  _ [32G(0,y,r)]
x> - 73 ox2 ’
G(x,0,r) = S3[u(x,0,7)].
Hence,

— — 2 3 3
G(u,v,e)(v —2uv — v+ + 315v) = v Zuy —uvtu it Su v,
(1—u)(14+v)(1+c)
1

(I—w)(1+v)(1+c)’

G(u,v,c) (28)

Using Sumudu inverse transform for Equation (28) to obtain the following solution:

u(x,y,t) = e >77".

General Linear Fourth-Order PDEs
In this section, the following general fourth-order PDE has been considered

aruy(x,y,1) +azuy (x,y,t) +asue (x,y,t) + asite (x,,1) + asuyy (x,y,1) + agtiy (x,y,1) + azueg (x,,1) +

agity (X,Y,1) + gUyey (X, 3,1) + @10t (X,,1) +@r1tyye (X, 3,1) + @12ty (X, 7,1) +@r3u (x,0,1) +

A1gllyyy (X,)51) 4 @y sty (X,),1) 4 @1gUyy (X, 9.8) 4 @170y (X, 9,8) + @18l (X,0,1) + Q19U (X, 9,8) +

5.0+ g 5.3+ i 5,3.0)+ 5ty (30)+ @t (531) + st (53
+aygityg (x,3,1) + ayu(x,y,1) = f(x,y,1). (29)

azy
. are constants.
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with 1c: u(x,y,0) =&, x,y > 0.

BC:

u(0,y,t) = e u(x,0,1) =", x,y1>0.

Laplace Transform

In this subsection, we use triple Laplace transform for solving Equation (29) with the
following assumptions. a7 =a8 = a9 =al0=all =al2=al3=al4=0=al8=2al9 =
a20 = a2l = a22 = a23 =0 and f(x;y;t) = 0 as follows

ap

[pF(p,s,k) — F(0,y,1)] +ax[sF (p,s,k) — F(x,0,t)] + a3 [kF (p,s,k)

— Fr0)] +aslpF(psik) — pF0.30) = LOED ) 4 a2 (p s i)
50,0 = 2GS U2 (s )~k (x,3,0) — 2520,
+  as[p°F(p,s,k) — p*F(0,y,1) —paF(g;cy’t) — azpsg,zx,:)}
(30)
+ a16[33F(p,s,k)_SZF(x,o,z)_saF(g;O’” _ 322(;’20")]
+  an[KF(p.s,k) — kK2F(x,,0) —kaF(z’ry’O) - 82F§:,2y,0)]
+  ax[p'F(p,s.k) — p’F(0,y,1) — p* aF(g;y’t) —paz’iggf”)
— %] +axs[s*F(p,s, k) —s>F(x,0,1) — szaF(;—;O”)
— saZF(g;,zo,r) — 83F§;0’t)] + axe[K*F(p,s,k) — k> F(x,y,0)
3 BF(.;,ty,O) _kang,zy,O) _ 83F§:;y,0)] + apu—0. 31
Taking triple Laplace transform of ICs
Afu(0.5.0] = FO..0) = D asD: 32
“%[au(gf’r)] - aF(;);y, 2 - (s + l)l(k—l— 1)’ (33)
“%[azué?c;y,r)] - BZF;g;y,t) e 1)1(k+ 1)’ G
Q%[a-”uéi;y,r)] - 331«;()2;)’, 2 - (s + 1)1(k+ 1)’ S
So,
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1

Zslu(x.0,0] = F(x.0.0) = a1y e
%[au(;;o,z)] _ aF(;;o,r) — 1—)(1k+ Iy 37)

> 2
AT = R = STy oY
9%[83“;1’30’1)] = BBFE](;T,;O’I) - 1_)(1k+ N’ 2

Where,

L[u(x,y,0)] = F(x,y,0) = = 1;(S+ Dk (40)
220y 0 _ @0
G%[a%gx;zy, 2 — aZFg:,zy,O) T = 1)1(3—0— 1)’ @2

Substitute equations (3.3) -(3.14) into Equation (30) to obtain the following.

And,
2%u(x,y,0) d3F (x,y,0) —1
2V — L Rl B . A
sl or? ] or3 (p—1)(s+1) “43)
F(p,s.k) a1 p+ azs + azsk + aap”® + ass® + ack”® +aisp’ + aies®

(
-+ a17k2+alg)
ay +asp—+as+asp’ +aisp+ais + azap® + azap’ + azap + aza
(s+ 1)(k+1)
a» +ass —ds + di65° — d165 + dig + Ars5° — AxsS° + dosS — dos
(P—1)(k+1)
as + ack — ag + ar7k* — ar7k + a17 + azek>® — azek? + azek — aze
(p—1D(s+1)
2 2 y 3 2
F(p,s,k) ( aip+azs+ask+asp” + ass” +agk” +aysp’ +aies
2
+ apk” +aig)

ai+asp+as+aisp? +aisp+ais +aup’ +axp’ +aup+axn
(s+1)(k+1)
ay + ass — as +ajes” — a168 + a6+ Arss® — arss” + arss — as
(p—1)(k+1)
as + agk — ag + ark? — ay7k + ary + axk® — arsk* + arek — axe
(p—1)(s+1)

(p,s,k)
(p—D(s+ D (k+1)°

-+

_|_

F(p,s,k)(p,s, k) =

In particular, ifal =a2 =a3 =a4 =ab =a6 =alb =al6 =al7 = a24 = a25 = a26-
14a18=1
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fpos,k)=p*+ PP+ P+ p+s* +5° + 245+ + P +IP+k—4

1
Flpsk) = oo nern “44)

Using Laplace inverse transform for Equation (44) to obtain the following solution:

u(x,y,t) = e 7",

Example 3. Consider the following Fourth-order PDE

uxxxx(xay?t) - _u}'y}-‘(xayat)a x:yat > 0' (45)

with IC: #(0,y.2) = e >, y.r = O.
BC: u(x,0,r) =& ", x.r > 0.

Using Laplace transform for Equation (45), to obtain the following solution:

20F(0,3,1)  9*F(0,x,1)  9°F(0,x,1)

PE(p.sk) = pFO.y.1) = p*— = = p——g pram
IF (x,0,1) 92F(x,y,t
= s3F(p,S,k)—SZF(JC,0J)—P (3v )_ ;vzy )
1
0,30l =FO.x1) = T
P [3u(0,y,f)] _9F(O.y1) 1
Tox T T oax G+ )(E+1)
(46)
azu(O,y, ), 82F(O,y,t) - 1
el ax2 1= Iax2 T (s+1)(k+1)°
P [93u(0,y, t)] o 83F(O,y,t) - 1
3 I3 - X3 T G+ D(k+1)°
L[u(x,0,00] = F(r.0.0) = .
du(x,0,t),  JF(x,0,1) —1
ol ay 1= dx T (p—1)(k+1)°
2%u(x,0,1) I%F (x,0,1) 1
B A T R =R e [ b

P+ 53
(P—DG+ D&+ 1)
1
(pP—1)(s+1)(k+1)

F(p,s,k)(p4 +53) -

F(p.s.k) = 47

Taking Laplace inverse transform for Equation (47) to obtain the following solution:
u(x,y,t) ="',

Triple Sumudu Transform
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In this subsection, we use triple Sumudu transform for solving fourth-order PDEs in
general in Equation (29) with the following assumptions . a7 =a8 =a9 =al0 =all =al2
=al3=al4=0=al8=al9 =a20 = a2l =a22 =a23 =0 and f (x;y;t) = 0 as follows:

G(u,v.c) — G(0,y,1)

G(u,v.c) — G(x,0.1)

(48)

a | - |+ aa - )
G 3 Vs -G b 10 G 3 Vs -G O'J El AG(Q0.y1
+ a3[ (uvc) — (xy )]_|_a4[ (uVC)uz ( yt) _ zi:: ]
dG(x.0,
G(u,v,c) — G(x,0,r) _G(ayo_r) G(u,v,c) — G(x,y,0)
—_— as[ 2 - i, ] -+ 616[ c2
S Guv,c) —G(O.y1) 2G50
- ——l+ais] 3 - 2 ]
C 17 u u
X, 2 X,
Glu,v,c) — G(x,0,r) 22524 2Gxo0
+  aie] 3 ) v ]
; 2G(xy
G(u,v.c) = G(x,y,0) 29520 000
+ an| c3 - c2 c ]
Gluv,c) = GO.y,r) 2EGl 2GR0 2G
+ anl u* W u? ]
2 X, 3 X0
G(u,v, c) . G(x, 0,!) 8633,,0,1) d (f}(yz,o_r) d°G(x,0,1)
+  as] 3 T2 2 ]
X,y 2 X, V.
G(uava C) _ G(xaya O) . aG(a;}.U) > GESIZ},O)
+ a26[ C C2 CZ
33 G(x,y,0)
— L] +az7(u,v,c) =0.
C
Applying triple Sumudu transform of ICs
1
53 [M(O,y,f)] = G(anat) = mv (49)
Jdu(0,y,t1),  dG(0,y,1) 1
Sl—5 1 = —or T~ amaro (50)
9%u(0,y,1) 32G(0,y,1) 1
Sl=—%e 1 = ox2  (1+v)(1+c) S
3*u(0,y,1) 3*G(0,y.1) 1
Sl—%e 1 = T TTvasre (52)
1
S3[u(x,0,r)] = G(x,0,1) = =0+ (53)
du(x,0,1) dG(x,0,1) —1
_— — = 4
S35, 2y TEETk )
3%u(x,0,1) 2%2G(x,0,1) 1
53[3—})2] N dy? S (I—u)(1+¢)’ (55)
A3u(x,0,1) 23G(x,0,1) —1
Sy = Ty Tumwaeo 6o
S3[u(x7y30)] - G(x,y,O) - ma (57)
du(x,y,0) dG(x,y,0) —1
S:l—; o 0=+’ 8
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2%u(x,y,0),  9°G(x,y,0) _‘ ’ 1
53[7] - or? T (I—w)(1+v)’ (59
and
Fu(x,y,0).  *G(x,y,0) —1
il ar I = a3 T (I—=w)(14v)’ (60)

Substitute equations (3.21) -(2.32) into Equation (48) to obtain the following solution:
Gu,v,e) ( ap’vie* +au®v'e + asu*Vvie® + ag vie* + asu’vie + agu™vte?

+ a15uv4c4 + a15u4vc4 + a17u4v4c + a24v4c4 + a25u4c4,

+ aeutt+ a27u4v4c4)

a1u3v4c4 + a4u2v4c4 + a4u3v4(:4 +a15uv4c4 + a15u2v4c4 + a15u3v4c4
N (I+v)(1+c¢)

ana viet+ a4 wc? + a24u2v4c4 + a24u3v4c4
* EDED

a2u4v3c:4 + a5u4v2c*4 — a5u4v3c4 +a15u4vc4 — a16u4v2c4 + a15u4v3c4
* (I—w(i+0

a25u4c4 — 025u4vc4 + a25u4v2(:4 - a25u4v3c4
+

(I1—u)(1+¢)

a3u4v4c3 + a6u4v4cz - a25u4v4c3 + a17u4v4c — a17u4v4c2 4 a17u4v4c3
’ =i+

a25u4v4 — a26u4v4c + a6u4v4c2 — a26u4v4c
* =0+

In particular, if al = a2 =a3 =a4 = ab5 = a6 =al5 = al6l = al7a24 = a25 = a26 -
14a18 = 1, then,

flu,v,c) = et +uhviet +uhvied + e +uhiet +uhvte? Hwtet.
-+ u4vc4 -+ u4v4c -+ v4c4 -+ u4c4 -+ u4v4 —_ 4u4v4c4
S (u,v.c)
G(u,v,c u,v,c) = s
Where S0V OSterd =gt rna o
1
Then Glu,v,c) = I—w)(l+v(l+to) 6D

Using Sumudu inverse transform for Equation (61) to obtain the following solution
u(x,y,t) = e 77,

Example 4. Consider the following fourth-order PDE

umx(x:yar) - _u}-'yy(xayat)a X,y 1 > 0. (62)
With IC u(0,y,t) = e >,y > 0.
Bc: U(x,0,1) =", x,t > 0.
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Gluvc)~ GOy 200 TG TG
ut u3 w u
G(u,v,c) — G(x,0,1) B JG%}O’I) _ 82%(;2’0'!)
o V3 v2 v
Where,
G(0.y,1) = S3[u(0,y,1)],
2G(0,y,z) 53[6‘“(0}34 t)]
dx dx ’
2G(0,y,r) < [82u(0,y,t)]
dx2 o 3 dx2 ’
d>G(0,y,1) _ SB[BBM(O,y,t)]
dx>2 x> ’
GO, y,r) = S3[wu(x,0,1)],
dG(x,0.,1) _ g [Bu(x,(),r)]
Iy 3 dy ’
I?G(x,0,1) _ s A%u(x,0,1)
2 o 3l 2 J-
v 4+ u?
G(u,v,e)(V +u?) = Tk
G(u,v,c) = ! (63)

(1—uw)(1+v)(1+4+c)

Using Sumudu inverse transform for Equation (63) to obtain the following solution:

u(x,y,t) =",

Conclusion
In this paper, the triple Sumudu transform has been studied. The properties of the triple
Sumudu transform have been derived. The triple Sumudu transform used for solving
some PDEs problems. The approximated solutions of these problems using this
transform agrees very well with the analytical solutions. As such, this method is more cost
effective in terms of computation steps than other existing transform methods. Hence, we
can conclude that the new method is computationally very efficient in solving PDEs.
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